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THE VERTEX ALGEBRA Wi+^ 

Victor Kac and Andrey Radul 



Abstract 

In our paper [KR] we began a systematic study of representations of the universal 
Q . central extension D of the Lie algebra of differential operators on the circle. This 



study was continued in the paper [FKRW] in the framework of vertex algebra theory. 
It was shown that the associated to "D simple vertex algebra Wi-^-oq^n with positive 
integral central charge is isomorphic to the classical vertex algebra W{glN), 
which led to a classification of modules over M^i+oo,Af- In the present paper we 
' study the remaining non-trivial case, that of a negative central charge — A^. The 

. basic tool is the decomposition of pairs of free charged bosons with respect to 

I 5/ AT and the commuting with gl^ Lie algebra of infinite matrices gl. 

. Introduction 

In this paper we study representations of a central extension V = V (B CC of 
the Lie algebra V of differential operators on the circle. This central extension 
Qh! appeared first in [KP] and its uniqueness was subsequently established in [F] and 

in [Li]. 

In our paper [KR] we began a systematic study of representations of the Lie 
algebra V. In particular, we classified the irreducible "quasi- finite" highest weight 
^ ' representations and constructed them in terms of irreducible highest weight repre- 

• sentations of the central extension gl of the Lie algebra of infinite matrices. 

This study was continued in [FKRW] in the framework of vertex algebra theory. 
The advantage of such an approach is twofold. From the mathematical point of 
view it picks out the most interesting representations and equips them with a rich 
additional structure. From the physics point of view it provides building blocks 
of two-dimensional conformal field theories. We just mention here applications to 
integrable systems [ASM], to W-giavitj [BMP], and to the quantum Hall effect 
[CTZ1,CTZ2]. 

In more detail, let us consider the subalgebra VofD consisting of the differential 
operators that can be extended in the interior of the circle. The cocycle of our 
central extension (see (6.2)) restricts to a zero cocycle on V, hence "P is a subalgebra 
of T). Given c £ C, we denote by Mc the representation of P induced from the 1- 
dimensional representation of the subalgebra V © CC defined by P 1— > 0, C 1-^ c. It 
was shown in [FKRW] that Mc carries a canonical vertex algebra structure. The 
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2?-module Mc has a unique irreducible quotient which carries the induced simple 
vertex algebra structure. Following physicists, we denote this simple vertex algebra 
by M^i+oo,c- 

The highest weight representations of the vertex algebra Mc are in a canonical 
1-1 correspondence with that of the Lie algebra V. As usual, the situation is 
much more interesting when we pass to the simple vertex algebra W^i+oo,c- The 
cocycle (6.2) is normalized in such a way that Mc is an irreducible P-module {i.e., 
Mc = VFi+oo,c) iff c ^ Z. 

Thus, we are led to the problem of classification of irreducible highest weight 
representations of the vertex algebra VFi+oo.c with c € Z. This is a highly non- 
trivial problem since the field corresponding to every singular vector of Mc must 
vanish in a representation of VFi+oo,c which gives rise to an infinite set of equations. 

The problem has been solved in [FKRW] in the case of a positive integral c = N 
by the use of an explicit isomorphism of VFi+ocW and the classical VF-algebra 
W{glj^). This approach cannot be used for c negative since probably Wi+oo,-N is 
a new structure, which is not isomorphic to any classical vertex algebra. 

Another important result of [FKRW] is an explicit construction of a "model" 
of "integral" representations of VFi+oo,iV by decomposing the vertex algebra of N 
charged free fermions with respect to the commuting pair of Lie algebras glj^ and gl. 

One of the main results of this paper is an analogous decomposition of the 
vertex algebra of N charged free bosons with respect to a commuting pair glj^ 
and gl, which produces a large class of irreducible modules of the vertex algebra 
Wi+oo,-7V (Theorems 3.1 and 6.1). We conjecture that all irreducible modules of 
Wi+oo,-N can be obtained from these by restricting to V and taking their certain 
tensor products (Conjecture 6.1). This explicit construction allows one to also 
derive explicit character formulas (formula (3.7)). Partial results in this direction 
were previously obtained in [Mat] and [AFMO]. 

Our basic tool is the suitably modified theory of dual pairs of Howe [HI], [H2]. 
Namely one has the following general irreducibility theorem (Theorem 1.1): if a 
Lie algebra g acts completely reducibly on an associative algebra A and if V is an 
irreducible A-module with an equivariant action of g such that F is a direct sum of 
at most countable number of irreducible finite-dimensional modules, then the pair 
and A'^ = {a E A \ Qa = 0} acts irreducibly on each isotypic component of g in V. 

This result allows us not only to decompose both free charged fermions and 
bosons with respect to the pair glj^ and gl, but also to interpret the vertex algebra 
Wi-^-oo,-N as a subalgebra of the vertex algebra of N free charged bosons killed by 
gl]^ (formula (4.4)). In the same way, one identifies Wi^oo,N with a subalgebra of 
the vertex algcbvra of free charged fermions killed by gl^^, a result previously 
obtained in [FKRW]. This result is interpreted in that paper as an isomorphism 
Wi+oo,N — W{glj^) due to the connection to afHne Kac-Moody algebras. It seems, 
however, that there is no such interpretation in the case of negative central charge. 

It is interesting to note that while the decomposition of A'^ free charged fermions 
produces all unitary (with respect to the compact involution) irreducible highest 
weight representations of gl with central charge N, the decomposition of N free 
charged bosons produces a very interesting class of irreducible highest weight repre- 
sentations of gl with central charge —N. This allows us to compute their characters 
(formula (3.7)). We also show that the subcategory of the category O of representa- 
tions all of whose irreducible subquotients are members of this class is a semisimple 
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category (Theorem 4.1). (Of course, in the first case a similar result goes back to 
H. Wcyl.) Provided that Conjecture 6.1 is valid, this implies semisimplicity of the 
category of positive energy VFi_|_oo^_jv-modules. 

The paper is organized as follows. In Section 1 we give a proof of the gen- 
eral irrcdTicibility theorem (Theorem 1.1). In Section 2 wc use Theorem 1.1 and 
classical invariant theory (as in [H2]) to prove irreducibility of each isotypic com- 
ponent of glj^ in the metaplectic representation of the infinite Weyl algebra Wn 
(TV free charged bosons in physics terminology) with respect to the commuting 
pair glff and gl (Theorem 2.1). By a somewhat lengthy combinatorial argument, 
we derive an explicit highest weight correspondence in Section 3 (Theorem 3.1) 
and a character formula for the above-mentioned highest weight representations of 
gl (formula (3.7)). In Section 4 we prove the complete reducibility Theorem 4.1. 
Section 5 is a brief digression on vertex algebras and their twisted modules which 
we conclude by a construction of twisted modules over free charged bosons which 
become untwisted modules with respect to Wi+oo,-N- In Section 6 we construct 
a large family of representations of the vertex algebra Wi+oo,-N using the above 
mentioned modules (Theorem 6.2) and conjecture that these are all its irreducible 
representations (Conjecture 6.1). In Section 7 we apply similar methods to A'' free 
charged fermions to recover most of the results of [FKRW] . 

1. Representations of associative g- algebras 

Let A be an associative algebra over C and let Der^ denote the Lie algebra of 
derivations of A. Let g be a Lie algebra over C and let if : g —>■ Der yl be a Lie 
algebra homomorphism. The triple {A, g, ip) is called an associative g-algebra. 

An A-module V is called a (g, A)-module if V is given a structure of a g-module 
such that the A-module structure is equivariant, i.e. 

g{av) = {(p{g)a)v + a{gv), geg, aeA, veV. 

Let A^ = {a e A \ (p{g)a = for all g G g} be the centralizer of the action of 
g on A. Given a g-submodule U of V and a £ A^, the map U — all, given by 
u 1-^ au, is clearly a g-modulc homomorphism. 

Given an irreducible g-module E, denote by Ve the sum of all g-sub modules of 
V isomorphic to E. This is called the E-isotypic component of the g-module V. 
By the above remark, Ve is a vd^-submodule of V. 

Choose a 1-dimensional subspace f C E. Then, due to Schur's lemma, this gives 
us a choice of a 1-dimensional subspace in each of the irreducible g-submodules of 
Ve- We denote the sum of all of these 1-dimensional subspaccs by V^ (it depends 
on the choice of /). Clearly, V^ is a ^^-submodule of Ve, and we have a (non- 
canonical) (g, yl^)-module isomorphism: 

Vec^E^V^. 

The Lie algebra g (resp. associative algebra A^) acts on E®V^ by g{e®v) = ge®v 
(resp. a(e (8) ■«) = e (8) av). 

Thus, if y is a (g, ^)-module, which is a semisimple g-module, we have the 
following isomorphism of (g, vl^)-modules: 



(1.1) 



y^0(£;®y^) 

E 
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where summation is taken over all equivalence classes of irreducible g-modules. 

We wish to study the situations when each isotypic component Ve is irreducible 
as a (0, ^^)-module, or equivalently, when each A^-module is irreducible. 

Theorem 1.1. Let A be a semisimple Q-module. Let V he a {q, A) -module such 
that 

(i) V is an irreducible A-module 

(ii) V is a direct sum of at most countable number of finite- dimensional irre- 
ducible g-modules. 

Then each isotypic component Ve (where E is a finite- dimensional irreducible g- 
module) is an irreducible {q^A^) -module; equivalently, each is an irreducible 
A^ -module. 

The proof of the theorem is based on some simple lemmas. 

Lemma 1.1 (cf. [H2]). Each is an irreducible (EndV)^ -module. (Recall that 
acts on EndF by {ga)v = g{av) — a{gv), g E Q, a E EndF, v G V.) 

Proof. Let x,y G V^. We have the following decomposition in a direct sum of 
0-modules: 

V = {E(S)x)(B{E0y)®U. 
Then a € EndV defined by (/j €E,ueU): 

a{fi®x-\-f2®y + u) = fi®y-\-f2®x-\-u 

lies in (EndF)^. This proves the lemma. □ 

Lemma 1.2 (cf. [H2]). Let X be a finite- dimensional Q-invariant subspace of 
V. Then the g-module Homc(X, y) is semisimple and the Q-module map A — > 
Homc(X, V) (defined by a ^ (pa where (Pa{x) = ax, x & X) commutes with projec- 
tions on isotypic components. 

Proof. Let U = U.onic{X,V). Since dimX < 00, we have the 0-module isomor- 
phism U ~ X* (g) V, hence U is a semisimple 0-module: 

U = ^{E0U^). 

E 

Since yl is a semisimple 0-module, we have: 

A = ^{E^A^). 

E 

Let Ax = {a & A \ aX = 0}. This is a 0-submodule of A, so that 

Ax = ®{E^A^), A^cA^, 

E 

and, clearly the map A ^ U coincides with the canonical map 
This proves the lemma. □ 
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Lemma 1.3. (Jacobson's density theorem) Let V be at most countable- dimensional 
irreducible A-m,odule. Then for any finite- dimensional subspace X of V and any 
f G Endc V there exists a G A such that 

f{x) = a{x) for all x G X. 

Proof. End^ V = C since V is irreducible and at most countable-dimensional. Now 
lemma follows from Jacobson's density theorem as stated in [L]. □ 

Proof of Theorem 1.1. Let x,y G . By Lemma 1.1 there exists / G (EndF)^ 
such that f{x) = y. By Lemma 1.3 there exists a G A such that a coincides with 
/ on the subspace U = E(S)x + E®y. Let oq be the projection of a on A^. By 
Lemma 1.2, ao still coincides with / on U . Indeed, we have for u E U, the subscript 
E denoting the projection on Ve- 

ao{u) = a{u)E = f{u)E = f{u). □ 

We do not know whether one can remove the finite-dimensionality assumption 
in (ii). The following proposition shows that one can for the isotypic component of 
the trivial g-module. 

Proposition 1.1. Let A be an associative g-algebra, completely reducible with re- 
spect to Q. Let V be an {A, q) -module which is irreducible with respect to A and 
completely reducible with respect to Q. Then := {v E V \ Qv = 0} is an irre- 
ducible A^ -module. 

Proof. We have the decompositions into isotypic components with respect to g: 

where 1 stands for the 1-dimensional trivial representation of g. Note that 

Y,Ae\v^cY,^e, A^V^cV^. 

Let V G he a, non-zero vector. Since V is an irreducible A-module, we have: 
Av = V . Hence: 

V = Av = AH ® Ae \ V d AH ®^Ve. 
It follows that ^flf = ys. □ 

Remark 1.1. Theorem 1.1 and Proposition 1.1 have obvious group analogues. Let 
G be a group and let (p : G ^ Aut^ be a group homomorphism. This is called 
an associative G-algebra. An A-module V is called a (G, yl)-module if V is given a 
structure of a G-module such that the ^-module structure is G-equivariant, i.e. 

g{av) = {ip{g)a){gv), geG, aeA, veV. 



Then Theorem 1.1 and Proposition 1.1 hold with g replaced by G. 
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2. Charged free bosons 
Consider N pairs of free charged bosonic fields {i = 1, . . . , N): 

Recall that this is a collection of local even fields with the OPE (i, j = 1, . . . , AT): 

(2.1) -i*\z)-t^{w) ~ all other OPE - 0, 

with the vacuum vector |0) subject to conditions 

(2.2) 7^|0) = for m > 0, = for m > 0, . 

In other words, we have a unital associative algebra, usually called the Weyl algebra 
and denoted by H^^, on generators 7^, (i = 1, . . . ,N;me'Z) with the following 
defining relations: 

(2.3) [7«, li] = S,jS^,_^ [jlni] = = ■ 

This algebra has a unique irreducible representation in a vector space M, called the 
metaplectic representation, such that there exists a non-zero vector |0) satisfying 
conditions (2.2). 
We let 

e'^{z) =: Y{z)^*^{z) ■= E eiiz-^-' {ij = 1,...,N), 

mez 

N 

E{z,w) = E ■■ 7n^)7*^H - E 
p=i i,jez 

where the normal ordering :: as usual means that the operators annihilating |0) are 
moved to the right. 

Using Wick's formula, it is immediate to see that the operators form a rep- 
resentation in M of the affine Kac- Moody algebra glf^ of level —1 [Kl]: 

(2-4) [e^,e**] = Sjge^^j^^ — 5ite^_^^ — m5m,-n^js^it- 

In particular, the operators eij := e^ form a representation of the general linear 
Lie algebra gl^. We have also the following commutation relations: 

Hence the Lie algebra glj^ acts on the Weyl algebra Wn by derivations via the 
adjoint representation g{a) = [5,0]. 

The following important relation is straightforward: 

(2.6) [eij,Emn\ = for all iJ = 1,... ,N; m,neZ. 
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Furthermore, the operators Eij {i, j G Z) form a representation in M of the Lie 
algebra gl with central charge —N: 

(2.7) [Eij , Est] = SjsEu - SuE.j - iV$ {Eij ,E,t), 
where the 2-cocycle $ is defined by: 

^A,B)=tv{[J,A]B), J = Y,Eii. 

Recall that gl = gl + CK is a central extension defined by the cocycle $ of the Lie 
algebra gl of all matrices {aij)ij^z with finitely many non-zero diagonals. We have 
also the following commutation relations: 

(2.8) [Eij,l^.m] = Sjml'-i, [Eij,l*r^] = Siml*" ■ 

These formulas define a representation of gl on Wj\f by derivations. 
Introduce the following subspaces of the algebra Wn- 

N N 



i=l i=l 



m<0 m<0 
m>0 m>0 

The following observations arc clear by (2.5). 

Remark 2.1. The subspaces (resp. U^) are ^Zjy-submodules of Wn isomorphic 
to the standard (7/ ^-module (resp. its dual). 

Remark 2.2. As a y/jy-module (with respect to the adjoint representation), Wn is 
isomorphic to the symmetric algebra over the ^/jy-module U + U* . 
Since ^ZjvlO) = 0' '^^ obtain 

Remark 2.3. As a g^jy-module, M is isomorphic to the symmetric algebra over the 

flf^^-module C/* + 

Proposition 2.1. The centralizer (Wn)^^''' of the action of gl^ on the algebra Wn 
is an associative subalgebra generated by the elements 



N 



where i,j G Z. 

Proof. Due to Remarks 2.1 and 2.2, the proposition follows from the first funda- 
mental theorem of classical invariant theory for GL n (which states that the algebra 
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of invariant polynomials on the direct sum of any number of copies of the standard 
GL TV-module and its dual is generated by the obvious invariant polynomials of 

degree two, sec e.g. [VP]). □ 

Due to Remarks 2.1 and 2.3, M decomposes in a direct sum of finite-dimensional 
irreducible gl j^-vnodvle^. Let 

(2.9) M = 0Mb 

E 

be the decomposition of M in a direct sum of isotypic components with respect to 
gljq. It is easy to prove now the first main result of the paper. 

Theorem 2.1. Each isotypic component Me in (2.9) is irreducible with respect to 
the Lie algebra gl^^gl- 

Proof. Due to Remarks 2.1-2.3, all conditions of Theorem 1.1 hold for the 
(^Z^v, WOv)-iiiodule M. It follows that each Me is an irreducible (^glN^^N^^' 
module. Now the theorem follows from Proposition 2.1. □ 

3. The decomposition of M with respect to glj^ gl 

Let 

gl_ = J2 '^^ij ^ 

id<0 

gl^ = CEij C W^. 

i,j>0 

These are Lie subalgebras of the algebras viewed as Lie algebras with the usual 
bracket. They are also subalgebras of the Lie algebra gl (the restriction of the 2- 

cocycle $ to these subalgebras is trivial). Of course gl_ (resp. gl_^) is naturally 
identified with the Lie algebra of all matrices (ojj) with only finite number of non- 
zero entries where i,j<0 (resp. > 0). 

Let biv (resp. b±) be the Borcl subalgebra of all upper triangular matrices in 
glj^ (resp. gl^). Let In = {I, ■ ■ ■ , N}, 1+ = {1, 2, 3, ...},/_ = {... , -2, -1, 0}. 
Given A = {Aj}jg/j^(resp. 7±) there exists a unique irreducible module Ln{X) (resp. 
L-i-(A)) which admits a (unique up to a constant factor) non-zero vector vx such 
that Cvx is invariant with respect to the Borel subalgebra bjv (resp. b±) and 

EiiVx = XiVx, i e /at (resp. I±). 

These modules are called irreducible highest weight modules (with highest weight 
A). 

For example the standard glN-uiodule (resp. its dual) is the irreducible 
module with highest weight (1,0,... , 0) (resp. (0, . . . ,0, —1)). Tensor products of 
copies of the standard gl ^-module (resp. its dual) decompose into a direct sum of 
finite-dimensional irreducible modules with highest weights from the set 

iJ^(resp. H^) = {(Ai)ie/j^ | Ai(resp. -A^) G Z+, A^ > A^ if i < j} . 

The standard (7l_|_(resp. (7l_)-module is C"'""^ = ^jyo'Cvj (resp.C~°° = 
0^^qCwj) with the usual action EijVk = Sj^Vi- The gl _^_-module C'^°° {iesp.gl_- 
module C~°°) is an irreducible module with highest weight (1,0,0,...) (resp. 
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(. . . ,0,0,-1)). Tensor products of copies of the standard gl^{vesp. gl_) decom- 
pose into a direct sum of irreducible modules with highest weights from the set 

H± = {{\i)iei± I ±Ai G Z+, Xi > Xj if i < j} . 

We shall identify with a subjset of H± via the following map: 

(Ai,... ,Xn)^ f (Ai,... , A7v,0,0, . . . )in + case, 
\{- ■ ■ , 0, 0, Ai , . . . , Ajv)in — case. 

For convenience of notation we let = (C^)*. 

Lemma 3.1. The glj^ gl^-m,odule S (C^^ (g) C^°°) has the following decompo- 
sition into a direct sum of irreducible modules: 

5(C±^®C±°°)= Ljv(A)®L±(A). 



Proof. The proof follows from the well-known Cauchey's formula (see e.g. [M]): 
^^^^i = chL^(A)chL+(A), 

nn(i-^.%) 

i=lj=l 

where chLAr(A) = tiLNW diag(xi, . . . ,xn) and chL+(A) = tri^(A) diag(2/i,y2, • • • ) 
are characters. □ 

Let 

be a direct sum of Lie algebras. Commutation relations (2.5) and (2.8) imply the 
following 

Remark 3.1. We have: 

[gl_,U*_] C [/*,[<?/_,[/+] =0, 
[gl+,U^] C U^,[gl+,U1\ = 

Thus, both [/* and C/+ are g-modules. The g-module C/+(resp. C/j^) is isomorphic 

to the glj^ c/Z+(resp. glj^ c//_)-module (g) C+°°(resp. C^* 0"°°) with the 
trivial action oi gl_{YesY>. gl^). 

Since gl±\^) = 0, we obtain, using also Remark 2.3: 

Remark 3.2. As a g-module, M is isomorphic to the symmetric algebra over 

c/*ec/+. 

It is easy now to decompose the metaplectic representation M with respect to g. 
First, note that, by Remark 3.2 we have the following isomorphism of g-modules 

(3.1) M ^ S {U*_) ® S {U+) . 
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The decomposition of each of the factors is given by Lemma 3.1, using Remark 3.1. 

In order to state the result, introduce the following notation. Given finite- 
dimensional irreducible gl j^-modnles Ln{X) and Ljq^ji), write their tensor prod- 
uct decomposition: 

(3.2) L^(A) (8) L^(/x) = cl^L^{u), c^^ G Z+. 

Note that if A G H^, n G H^, then u G Hn, where 

Hn = {(Aj)ie/jv \>^i \> Aj if i<j}. 

Thus, we arrive at the following result. 

Proposition 3.1. The following is a decomposition of M as a Q-module: 

M= c^,^L^(z/)®L_(A)®L+(/x). □ 
xeH- 

Choose in each glpf-module Lj^{y), v G -ffjVj the 1-dimensional subspace ^Cv^. 
Then, the subspace 

:= {m G M | bArm C Cm, earn = Viiri} 

is a ^i-submodule, which is irreducible due to Theorem 2.1. The decomposition 
(1.1) becomes: 

(3.3) ^=0 LNii^)®]^" 

veHN 

s-s glj^ ^ gl-modu\es. Due to Proposition 3.1, as a gl_^ glj^-m.odvle, M'^ [u G 
Hn) decomposes as follows: 

(3.4) cl^L_{X)^L+{f,). 

Denote by b the subalgebra of gl of upper triangular matrices plus CK, where K 
is a central element acting on M (and each M'^) as —NI, and let n be the subalgebra 
of b of matrices with O's on the diagonal. It is clear that n acts locally nilpotently on 
M. Hence each ^iZ-module M'^ is an irreducible highest weight module L{A{u), —N). 
Recall that the irreducible highest weight gl-module L(A, c), where A = {Aj)j^z 
and c G C, is defined by the properties that there exists a unique up to a constant 
multiple vector v G L{A, c) such that n{v) = and 

EiiV = kiV, z G Z; K = cl. 

We let A(i^) = (A(z/)j)^.g2- It remains to calculate A(i^) for each u G Hn- 
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We claim that 

(3.5) A{iy) = {... ,0,z/p+i,... ,un; vi,V2,... ,Up,0,...), 

where p = if ah f j < 0, p = TV if all i/j > 0, and 1 < p < N is such that 
J^p > > t'p+i otherwise. Wc put here semicolon between the 0th and the first slots 
(and comma in all other places). 

The proof of (3.5) will follow from a sequence of combinatorial lemmas. 

Let us define S to be the set of pairs of A?^-tuples (A;/i) such that \i,fij G Z, 
where < 0, fij > for all 

Let us define operations R^^ : (A; ji) — > (A'; //'), o = 1, 2, 3, 1 < i,j < N provided 
that (A';//') G S: 



A^ = Aj - 1, A^- = Xj + l for i > j, 

l^i = IJ-i- 1, Mj- = /^i + 1 for i > j, 
A^ = Ai + 1, n'j = Hj -1 for any 



all other entries of (A; fi) do not change. 

We will say that (A";/n") > (A;/n) if one may obtain (A";/x") from (A;/n) by a 
sequence of operations Rfj . 

We define a subset Si, in S by two conditions: (a) A, /x are dominant glj^ weights, 

(b) Ljv(A) OL7v(/x) D LNii^). 

Remark 3.3. A map from S into g'Z-weights given by 

,0,0,Ai,... ,Xn; /ii,... ,/ijv,0,0, . . . ) 

sends S„ into set of gl_ (7/ _,_ -highest weights of the giZ-module L(A(i^)) and the 
ordering on S into the standard ordering of ^(/-weights. 

We will describe condition (b) in the definition of Si, by the table 



m . 


..fip 




. .//TV 


Ai. 


■ ■ Ap 


Ap+i . 


• • Aat 




• i^p 


t'p+i • 




Qi ■ 


■Qp 


Qp+i ■ 


■ Qn 



Here (qi, . . . , g^v) is a sum of negative glj^ roots such that /Xj + Aj + Qi 

Let = EjKiQj- 
Lemma 3.2. {qi, . . . , Qat) a 5'*^™ 0/ negative roots if and only if 



(3.6) 



Q'<0; Q 



N 







Proof. Let ga be the negative number with maximal a, qb the positive number with 
minimal b > a. If we add to (gi, . . . ,gjv) the (positive) root of Ea^b the condition 
(3.6) remains valid and ^ - |gj| decreases by 2. 



12 



VICTOR KAC AND ANDREY RADUL 



Lemma 3.3. Let (A; /x) G Si,. Then 

(a) fii + qi> 0, 

(b) Xi+qi< 0, 

(C) II j > Vj, 

(d) Xi ^Ui. 

Proof. Since Xi + Hi + qi = Ui, then (a) implies (d) and (b) implies (c). To prove 
(a) we will use the description of the decomposition of the tensor product of two 
fl'/jY modules with dominant highest weights based on Weyl determinants (see [Z]). 
In particular this description implies the following statement. If Ljv(A) (8) Ln(ij,) D 
Ljy[{u) and /ij > for all i, then one can find the weight (z^i, . . . , I'jv) among the 
A?^-tuples obtained from (Ai, . . . , Aat) by a sequence of operations (m G Z+): 

rm(Ai, . . . , Ajv) = 2^ (Ai + ai, . . . , Ajv + ajv) 

afc>0 
ctiH \-aN='m 

where one drops (Ai + ai , . . . ^Xn + ocn) from the sum if at least one of the weights 
(Ai, . . . , Ai + cti, . . . , Xn) is not dominant. Hence jXi + qi > 0. Since Ln{X)* (8) 
-Ljv(A)* D L]\f{u)* the same reasoning proves (b). 

Lemma 3.4. Lei r € [0,p], s G [p + 1, A^]. Applying a sequence of operations Rl ^. 
and ^ one may get from (A;//) & Sy a sequence (A",//") € 5 suc/i that 

(a) Ai'; = 0; K = 0, 

(b) /u'/ + q'J > 0; A" + q" < 0, where {q'(, . . . , q'^) is a sum of negative roots, 

(c) q'; < 0; q'J > 0. 

Proof. It is clear that (a) and (b) imply (c). By Lemma 3.3, (c) is valid. Let fig > 
for some s. Let us apply R^ ^. for some r. Then //^ = — 1, //^ = /x^ + 1; q'^ = qg + l, 
q'r = qr — 1, hence we add a negative root to (gi, . . . , qat)- Moreover, Hi + do not 
change for alH; X'^ + q'^ = Xr + qr — 1, hence A^ + q'^ is still nonpositive for all r. 
Similar considerations apply to Rl^j.. □ 

Lemma 3.5. Let a pair (A; fj,) E S be described by a table 







0---0 




0-- 


•0 


Ap+i • • 


■ Xn 


Vl ■ 




'^P+i ■ • 




qi ■ 


■■Qp 


Qp+i ■ ■ 


■qN 



such that 

(a) J^i > • • • > > > i/p+i > ■ ■ ■ > vn , iJi-i + Xi + qi = Vi where {qi,... , qN) 
is a sum of negative roots; 

(b) qr <0,q,> 0. 

Then applying a sequence of operations Rf g one may get a pair (A", fx") with q'^ = 0. 

Proof. If < for some r, then one may find s such that qg > 0. Hence > 

and Ag < 0, and one may apply Rg j.- It is clear that < for i < s, hence {q'j} 
is still a sum of negative roots, and \qi\ decreases by 2. □ 

Proof of Theorem 3.1. It is clear that the sequence on the right of (3.5) lies on 
Sy. Lemmas 3.3-3.5 and Remark 3.3 imply that the corresponding ^(^-weight is 
maximal. This completes the proof of (3.5). □ 

Thus we proved our next main result. 
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Theorem 3.1. With respect to glj^ ® gl the metaplectic representation M decom- 
poses as follows: 

(3.7) M= Ljv(i^)®i.(A(i/),-Af) 

where A(i/) is defined by (3.5). 

For us the most important consequence of this result is 

Corollary 3.1. M^'^ ~ L(0, -N) as gl-modules. 

As another corollary of (3.7) and (3.4) , we obtain a character formula for the 
irreducible g-Z-module L(A(i/), —N) with central charge —N and highest weight of 
the form A(^') given by (3.5) where v G Hjq: 

(3.8) trL(A(,.) -TV) diag (. . . ,y2"\yr^3;i,a;2, . . .) = ^ c5;.^5A(y)5'^(x). 

Here for A = (Ai,... ,Xn) G Hj, we let A* = (-Ajv,... ,-Ai) (g i?^), S'^(x) 
stands for tr^^^^) diag(a:;i, X2, . . . ), and c^^ are defined by (3.2). Formula (3.8) 
follows from (3.4) and the proof of Theorem 3.1. In particular, for the vacuum 
^Z-module L(0, —N) with central charge —N we obtain: 

(3.9) tri(o-Ar)diag(. .. ,y2"\yr^ a;i,a;2,...) = ^ Sx{y)Sx{x). 

This last formula was stated in [AFMO] . 

4. On complete reducibility of certain c/Z-modules 

Recall that labels of the highest weight A = {Kj)j^i of the ^Z-module L[K, c) are 
the numbers = A^ — Ai_(_i + di^c {i £ 7j). It is clear that a sequence {ni}i^z is 
the sequence of labels of a highest weight A of a ^Z-module L{A, —N) that occurs 
in the decomposition (3.7) iff the following properties hold: 

(4.1a) ni G Z+ if i^O and ^ 

i 

(4.1b) ifniT^O and Uj^Q, then |i-j|<iV. 

We denote, as usual, by 0-n the category of ^(Z-modules for which the subalgebra 
b acts locally finitely and c = —NI. All irreducible subquotients of a module from 
the category O-n are the modules L{A, —N). The following is the main result of 
this section. 

Theorem 4.1. If all irreducible subquotients of a gl-m,odule from, the category O-n 
have labels satisfying conditions (4.1a,b), then this module is a direct sum of irre- 
ducible gl-modules. 

First, we translate the problem to that for the Lie algebra glfi^ matrices 
{aij)ij^z with only a finite number of non-zero Oj^'s. We denote by bfin the subal- 
gebra of upper triangular matrices and by L{A) the irreducible ^Z^j^-module defined 
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by the property that there exists an eigenvector for b such that EuVa = AjVa; 
we let A = (Ai)i6Z- 

Consider the homomorphism </? : glfin ~^ 9^ defined by: 

^{Eij) = Eij if i ^ j or i = j < 0, (p{Eii) = En - K if i > 0. 

Define a sequence N = {Ni)iez by 

iVi = if z < 0, Ni = N iii>0. 

Then the set of highest weights that occurs in the decomposition (3.7), when 
restricted to glfi^ via ip, is characterised by the following properties: 

(4.2a) Ai G Z, Aj = for z < -iV - 1 and Aj = AT for i > N, 

(4.2b) Ai > Ai+i iiij^O, 

(4.2c) if Aj Ni and A^ 7^ Nj, then \i - j\ < N - 1. 

It is clear that Theorem 4.1 follows from the analogous statement for the Lie 
algebra glf^^: 

Proposition 4.1. // bfin acts locally finitely in a gl f^^-module and all the irre- 
ducible subquotients of this module have highest weights satisfying conditions 
(4.2a-c), then this module is a direct sum of irreducible gl ^^^-modules. 

Let 5*00 be the group of all permutations cr of Z such that a{i) = i for all but 
finitely many i. Define the weight p by pj = —i (i G Z). Since glfi^ is the inductive 
limit of the Lie algebras gl^, by highest weight representation theory for gl^ (see 
e.g. [D]) Proposition 4.1 follows from 

Proposition 4.2. Let both A = (Aj)jez and M = {Mi)i^z satisfy conditions (4.2a- 
c) and let 

(4.3) a{A + p) = M + p for some (T G S'oo- 
Then A = M. 

Proof. Suppose that j < —N is not fixed by a and let / = cr(j). Then we have: 

(A + p)j = (M + p)j = -j and (M + p)j, = -j. 

It follows that j' € [—N, N — 1] and that the transposition {jj') of j and / does 
not change M + p. Hence the permutation a' = {jj')cT still satisfies (4.3) and has 
fewer non-fixed points outside [—N, N — 1]. We argue similarly in the case j > N. 
Thus we may assume that 

(4.4) a{j)=jfovj^[-N,N-l]. 
Given a G Z let 

Ja = {ieZ\a<i<N}U{ieZ\-N -l<i<a-N}. 
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By (4.2c) there exists b G [-N, N - 1] such that 

Aj = Ni iov i > h and iov i <h — N. 

Then the set {(A+p)j \i G Jb) is a permutation of the set [1, N\ since (A+/?)i = N—i 

for i > & and (A + p)i = —i for i < b — N; we denote the corresponding bijective 
map of this set to the set of integers [1, A''] by Tb- Similarly choose 6i G [—N, N — 1] 
such that 

Mi = Ni for i > 6i and for i<bi- N, 

and define the map rf,^ : {(M + p)i\i € Jj,} ^ [1, AT]. 

We may assume that in addition to properties (4.3) and (4.4), a has the property 

(4.5) a{i) = T^^^nii) for i G Jb. 

Indeed, if (4.5) does not hold for some i G Jb, it means that a{i) ^ Jbi- Then we 
have: 

(A + p)i = T6(i), (M + p),-v,(i) = nii) = {M + p),(i). 

Hence the permutation a' = {a{i),T^'^Tb{i)^(T still satisfies (4.3) and (4.4) and 
reduces the number of i G J7b which do not satisfy (4.5). 
In order to complete the proof of Proposition 4.2 wc need 

Lemma 4.1. Suppose that A, M , a , b and bi satisfy (4.2)-(4.5), and assume that 
b>bi. Then 

(a) a{i) = i for b- N < i <bi 

(b) {A + p)i = N -i forbi <i< b, {M + p)i = -i for bi - N < i < b - N. 

Proof. Consider bi + 1 numbers (A + p)^ for < z < 6i . This is a strictly decreasing 
sequence of integers and (A + p)b^ > N — bi. None of these integers is mapped by 
a to (M + p)j for bi — N < j < since (M + p)j < N — bi for these j. Hence the 
strictly decreasing sequence {(A + p)^}^^^^^^ is mapped by a to strictly decreasing 
sequence {(M + p)i}Q<j<^- So the only possibility for a is: 

a{i) = i and (A + p)i = (M + p)i for < z < 6i. 

A similar argument works for b — N < i < 0, proving (a). 

The proof of (b) is similar. The strictly decreasing sequence {(A + p)i}ft^<j<5 
is mapped by a to strictly decreasing sequence {{^ + p)j}b^-N<j<b-N- Since 
(A + p);, > — 6 and (M + p){,^_jv+i < N — bi — 1, the possibility described by (b) 
is the only one. □ 

End of the proof of Proposition 4.2. Exchanging A and M and replacing a by (T~^, 
if necessary, we may assume that b > bi. By (4.4) and Lemma 4.1b, Aj = Mj for 
i ^ {b- N, bi]; by Lemma 4.1a, Aj = for i e {b- N,bi]. □ 

Remark 4-1- Consider the antilinear anti- involution of the Weyl algebra Wn defined 

by 

hL)^=7-'m if rn<0, fJ^ = -^*J^ if m > 0. 



16 



VICTOR KAC AND ANDREY RADUL 



The unique Hermitean form on M, normalized by the condition that the length 

of the vacuum vector is 1 and such that the operator adjoint to a G Wn is a^, is 
positive definite. Tlie anti-involution f indTices the compact anti-involution on glj^ 
and the following antilinear anti- involution on gl: 

eI- = Eji if i,j>0 or i,j < 0, Ejj = —Eji otherwise, 

so that on gl_ © gl_^ it induces the compact involution. Thus all the g'l-modules 
L(A, —N) with A satisfying (4.1) are unitarizable with respect to the (non-compact) 
anti-involution |. One may view (3.4) as their "K-type decomposition." Note also 
that, in view of [KV] and [O], these are all unitarizable highest weight gl- modules 
with central charge — A'^. 

5. A DIGRESSION ON VERTEX ALGEBRAS AND THEIR TWISTED MODULES 

We explain here the basics of the theory of vertex algebras (sometimes also called 
vertex operator algebras) that will be used in the sequel. Our definition of a vertex 
algebra V is close to that used in [FKRW] (we do not assume here that V is 
graded) and one can show (c/. [G] and [K2]) that it is equivalent to the original 
definition of Borcherds [Bl], [B2]. The reader may also consult [FLM] for a different 
formalism. 

Let y be a vector space. A field is a series of the form 

where a(„) G EndF are such that for each v eV one has: a(„)W = for n S> 0. 
Here z is a formal indeterminate. We shall often use a different indexing of the 
modes of a{z); in such a case the parenthesis around indices will be dropped, like 

A vertex algebra structure on y is a vector |0) G y (called the vacuum vector) 
and a linear map of V to the space of fields a Y{a, z) = ^^^^ a(ji)Z~'^~^ (called 
the state- field correspondence), satisfying the following axioms: 

(T) [r, F(a, z)] = d^Y{a, z), where T G EndF is defined by T{a) = a(_2)|0), 

(V) y(|0),z)=/y, F(a,2:)|0)U=o = a, 

(V) {z-w)^[Y{a,z),Y{h,w)]=Q for > 0. 

Here and further the equality means a coefficient-wise equality of series in z or in 
z and w. These axioms are usually called the translation covariance, the vacuum 
and the locality axioms. 

Let r be an additive subgroup of C containing Z. A F-twisting of y is a F/Z- 
gradation V = 0c^gr/z su.c\i that 

a(„)V C if a G ^. 

Here and further a stands for the coset a -|- Z. 

Let M be a vector space and let a G F/Z. An a-twisted End M- valued field is 
a series of the form Ylm&a where a|^^ G EndM is such that a^-^v = 

for -y G M, n S> 0. A F-twisted F-module M is a linear map from V to the linear 



REPRESENTATION THEORY OF THE VERTEX ALGEBRA Wi+oo 17 

span of F-twisted End M- valued fields, associating to each a e "V an a-twisted 
field y^(a, z) = Ylnea ^(n)-^~"~^ ^^^'^ following three axioms hold: 

(Ml) =/m, 

(M2) Y^{Ta,z) = d,Y^{a,z), 

(M3) (twisted Borcherds identity) E^o (T) {a{n+j)b, z)z"'-^ 

OO 

= 0) {<m^n-,)y^\b,z)z^ - i-irY^{b,z)af^^^^z--^) 

3=0 

for all m G a, n G Z. 

In the case when F = Z, M is called a (untwisted) ^-module. Note that V itself 
is a F-module since one can show that properties (M2) and (M3) with a = Z and 
superscript M removed follow from the axioms (T), (V), and (L) of a vertex algebra 
(see [K2]). 

Letting n = in (M3) and substituting Y^^{b,w) = Ylike0b{k)^~^~^ ^ g^t 

OO 

(5.1) = (7) («(i)^)(^+n-i)' me a, n e p. 

3=0 

Letting m = a E a and n = — 1 in (MS) we get 

(5.2) ^ (;) Y^{a^j_,^b,z)z-^ =: Y^ {a, z)Y^ {b, z) :, 

3=0 

where the normally ordered product is defined, as usual, by 

: y^(a, z)Y^ib, z) := Y^ {a, z)+Y^ib, z) + Y^{b, z)Y^{a, z)- 

and 

Y^{a,z).= Yl Y''{a,zU=Y^ia,z)-Y''ia,z). 

3ea+Z+ 

are the annihilation and the creation parts of Y^{a,z). Letting m = a G a and 
replacing n by —n — 1 with n G Z_|_ in (MS) gives: 

OO 

(5.3) Yl 0) y''i<^i-n+j-i)b,z)z-^ =: d^-^Y^{a,z)Y^{b,z) :, 

3=0 

where ^^^^ stands for d^/n\. It is easy to show that (5.1) and (5.2) along with (M2) 
imply (M3) (or (5.1) and (5.3) along with (Ml) imply (M2) and (MS)). 

It is well-known that the space M of the metaplectic representation carries a 
structure of a vertex algebra with vacuum vector |0) and with the state- field corre- 
spondence defined as follows (mj, G 1 < ii, . . . , is, ji, . . . , < N): 

^(7!.W-i---7!!™.-i7-l---7-^|0),^) 

=: ^ (z) ■ ■ ■ (z)a("i)7*^'^ (z) • • • ^("'^T*^* (z) : . 
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Here the normally ordered product of more than two fields is taken from right to 
left. 

Fix a non-zero complex number s and let Fg denote the additive subgroup of C 
generated by s and 1. Define a Fg-twisting of M by letting the twist of 

7^,---7X7:f •••7:^|0) equal s{u-t)+Z. 

We construct a Fc,-twistcd M-module Mg as follows (c/. [ABMNF]). As a vector 
space we take Mg = M and let 

jHz) ^ Y^' {lU\0),z) := z-V(z), = (7oiO),^) := z^^*\z). 

By making use of (Ml) and (5.3), this extends inductively to a F^-twisted module 

structure on Mg. We shall write Yg(a, z) = Y^^^ (a, z) to simplify the notation. 

Denote by Wi+!x>,-N the vertex subalgebra of the vertex algebra M generated 
by the fields 

N 

j\z)=Y,--l\z)d':r{z): 

(i.e., Wi+oo,-Ar is the subspace of M consisting of polynomials of the modes of the 
J^{z) applied to |0)). Note that we have in the domain |€| < \z\: 

CO 

Y2j^{z)e^/k\ = E{z,z + e). 

k=0 

Due to Corollary 3.1, it follows that 

(5.4) W^+^,.N = M3'^. 
Note that for all F^-twistings of M we have 

It follows that the restriction of the F^-twisted M-module Mg to the vertex subalge- 
bra l^i_|_oo,-Ar is a (untwisted) l^/'i+oc-iv-niodule. We have by (5.2) for 1 < i < A^, 

(5.5) : Yg (7-i|0),z) Yg (7«JO),z) := Yg {jUj*_\\0) , z) + (4,) z-'-'l. 
Noting that 

(5.6) -^^'(^) = >^(^E7-i7-JO),zj 
we obtain from (5.5) and (5.3) 

(N \ N 

Y.7U7*.\\0),z\ =5^:7:(^)5hr(^) : 

^^^(^-l)---(^-fc)^-.-l^_ 

k + l 
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6. The vertex algebra Wi+oo,c and its modules at c = -N 

Let V be the Lie algebra of complex regular differential operators on with 
the usual bracket, in an indeterminate t. The elements 

(6.1) 4 = -t^+'^idtY {keZ,le Z+) 

form a basis of T>. The Lie algebra V has the following 2-cocycle with values in C 
[KP, p. 3310]: 

(6.2) ^{mdr,g{m) = Res,=o/^"+^H%^"^Ho^^, 

^^777- ~\~ Tl ~\~ J- J • 

where /^""^t) = d^f{t). We denote hj T> = V ® CC, where C is the central 
element, the corresponding central extension of the Lie algebra T>. 
Another important basis of D is 

(6.3) L[ = -t'^D^ {kez,le Z+) 

where D = tdt- These two bases are related by the formula [KR]: 

(6.4) 4 = -t''D{D-l)---{D-l + l). 

Given a sequence of complex numbers A = {Xj)j^z+ and a complex number 
c there exists a unique irreducible P-module L(X, c; T>) which admits a non-zero 
vector v\ such that: 

L-^vx =0 for A; > 0, LqVx = XjVx, C = cl. 

This is called a highest weight module over V with highest weight A and central 
charge c. The module L{X,c;'D) is called quasifinite if all eigenspaces of D are 
finite-dimensional (note that D is diagonalizable) . It was proved in [KR, Theorem 
4.2] that L(A, c; D) is a quasi-finite module if and only if the generating series 



CXD ^ 



n=0 



has the form 

(6.5) Ax{x) = # 



-1' 
where 

(6.6) (l){x) +c = ^^pi{x)e'^*'' (a finite sum), 

i 

Pi{x) arc non-zero polynomials in x such that '^^Pi{0) = c and are distinct 
complex numbers. The numbers rj are called the exponents of this module and 
the polynomials Pi{x) are called their multiplicities. One has the following nice 
property of quasi-finite P-modules: 
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Proposition 6.1. [KR, Theorem 4.8]. We have: 

L(A, c; V) (g) L{\', c; V) ~ L(A + A', c + c'; V) 

provided that the difference of any exponent of the first module and any exponent 
of the second module is not an integer. 

We call a quasifinite P-module L(A, c;P) primitive if all multiplicities of its 
exponents are integers. (Note that we required in [FKRW] the rij to be positive, 
but we have to drop this condition here.) 

Given s G C, we may consider the natural action on the algebra V on the 
t*C[t,t-^]. Choosing the basis Vj = t (j G Z) of this space gives us a homo- 
morphism of Lie algebras (ps ■ T) gl: 

(6.7) 0« {t'fiD)) = ^ fi-j + s)Ej_kj 

The homomorphism (pg lifts to the homomorphism cpg of the corresponding cen- 
tral extensions as follows [KR]: 

It is straightforward to check using (6.4) that in the basis this homomorphism 
becomes: 

The following proposition is a special case of Theorem 4.7 and formula (5.6.5) 
from [KR]. 

Proposition 6.2. Let L{A,c) be the irreducible gl-module with the highest weight 
A = {Aj)j^z o.nd central charge k. Let Uj = Aj — Aj_|_i + (5j.oc be the labels of A. 
Then when restricted to (t>s{T^) the module L{A,c) becomes an irreducible quasifinite 
V-module with exponents s — j (j E: Z) of multiplicity rij (and central charge c). 

Recall now that the ^-module L(0, c;P) has a canonical structure of a vertex 
algebra with the vacuum vector |0) = vo and generated by the fields J''{z) = 
EmGZ "^m^""""^"^ [FKRW]. The following propositio n is immediate from (5.4), 
(5.7) and (6.8). 

Proposition 6.3. We have an isomorphism of vertex algebras: 

L{(},-N;'D)c^W^+^,.N 
under which the fields (denoted by the same symbol) J^{z) correspond to each other. 

A L(0, c; I>)-module M is called a positive energy module if the operator Jq^ 
is diagonalizable and the set of real parts of its eigenvalues is bounded below. It is 
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clear that the irreducible positive energy L(0, c; I>)-inodules are some of the modules 
L{\,c;T>), and the problem is which of the A>,(x) may occur. As was pointed out 
in [FKRW], all of them occur if c ^ Z. One of the main results of [FKRW] is that 
the irreducible positive energy L(0, c; i')-modules with c G are precisely the 
primitive modules with non-negative multiplicities of exponents. 

We address now this problem in the remaining case c = —N, where is a 
positive integer. 

Theorem 6.1. Viewed as a Wi-^-oo,-N-'nT'Odule the module Mg decomposes in a 
direct sum (with multiplicities) of all primitive modules for which the set of expo- 
nents lies in s + 7,, the difference of any two exponents does not exceed N and the 
multiplicity of only one exponent is negative. 

Proof. The proof follows from remarks made at the end of Section 4, Theorem 3.1, 
and Proposition 6.2. □ 

Theorem 6.1 along with Proposition 6.1 imply 

Theorem 6.2. Let R be the set of exponents of a primitive V-module V with central 
charge —N. Let si,S2,. ■ ■ be all exponents with negative multiplicity. Assume that 

(i) Si - Sj Z if i j. 

Let Ri = {r e R\r — Si £ Z}. Assume that 

(ii) R = [j,Ri. 

Let Ni = — (sum of multiplicities of all exponents from Ri). Assume that 

(iii) difference of any two exponents from Ri does not exceed Ni . 
Then V is a Wi+ao,-N -module. 

Conjecture 6.1. Theorem 6.2 lists all irreducible Wi+c>o,-N-nT'0dules. 

7. Charged free fermions 

In this section we show how to recover the main results of the paper [FKRW] 
(and to obtain some new results along the way) using the method of this paper 
applied to N pairs of free charged fermionic fields 

^'{z) = ^ ^Plz-^-' and r'{z) = ^ V;:^"™- 

Recall that this is a collection of local odd fields with the OPE (2.1) and the vacuum 

vector |0) subject to conditions (2.2). Here and further we substitute i/j in place 
of 7. In other words, we have a unital associative algebra Cn, called the Clifford 
algebra, on generators ^l^, {i = 1, . . . , N; m £ Z) with the following defining 
relations (c/. (2.3)): 

[^*rl,i^i] + = + = Sij5m,-n, 

and all other anticommutators equal zero. The algebra Cjv has a unique irreducible 
representation in a vector space F, called the spin representation, such that there 
exists a non-zero vector |0) satisfying (2.2). An important difference with the 
bosonic case is that F is a superspace with the parity 



p(|o)) = o, p(^j„)=p(c) = i- 
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We introduce the fields e'^^{z) and E{z,w) by the same formulas as in Section 2. 
Then we have to change the sign in the last summand of (2.4), meaning that the 

form a representation in F of the affine Kac- Moody algebra of level 1. Formulas 
(2.5) and (2.6) remain unchanged. We have to change the sign in the last summand 
of (2.7), meaning that the operators Eij form a representation in F of the Lie algebra 
gl with central charge N. 

In the same way as in Section 2, we prove 

Proposition 7.1. (a) The associative algebra (Cjv)^^'^ is generated by the elements 
Eij (i,j e Z). 

(b) As a glpf-module, F is isomoprhic to the exterior algebra over the gl^- 
module U*_ © Uj^, hence, in particular, decomposes into a direct sum of irreducible 

finite- dimensional gl^^ -modules. 

(c) Each glj^ isotypic component Fe is an irreducible glj^ ® gl -module. 

Denote by H the set of sequences such that (Aj)i>o G and (Ai)j<o € 

H_. Define a map T : H ^ H hy: 

(A^), = #{i|A,- > i} for i > 0, (A^)^ = -#{j\X, < i - 1} for z < 0. 

In other words, when restricted to and to T is the usual transposition of 
the Young diagram with respect to the main diagonal. 

Lemma 7.1. The glp^ © gl^-module A (C^^ C^°°) has the following decompo- 
sition into a direct sum of irreducible modules: 

A(C±^0C±°°)= (LAr(A)®L±(A^)). 
Proof. The proof follows from the other of Cauchey's formulae [M]: 

A'' oo 

lll[{l + Xiyj)= ^ chLN{\)chL+{\'^). □ 
»=iJ=i xeH+ 

In the same way as in Section 2 we derive now the following result. 
Proposition 7.2. The following is a decomposition of F as a Q-module: 

F= cl^Lr,{l^)^L_{X^)^L+{^^''). 
veHN 

We are in a position now to prove the main result of this section. 

Theorem 7.1. With respect to gl^ ® gl, the spin representation F decomposes as 
follows: 

(7.1) ^=0 LM{v)®L{k{vY,N), 

veHN 

where A(^') is defined by (3.5). 

It is clear that the proof of this theorem reduces to the following lemma. 



(3) 
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Lemma 7.2. For any (A; ;u) G S'ly (where Si, is defined in Section 3) we have 

A(z.f >(A^;M^). 

Proof. Define the following operations on the set of pairs (A; ji) G x W^: 
T^P :Xi^\i-l, Xj ^ A,- + 1 for i < j, 

(2) 

Ty ' : Hi ^ fii-1, fij ^ /Xj + 1 for i < j, 

Ai ^ Ai + 1, ^ Hj - 1 for any i, j. 

We will say that (A';//') >- (A;/x) if one gets (A';/x') from (A;/x) by a sequence of 
operations Tj^^ , a = 1,2, 3. 
It is straightforward to show 

(7.2) (A'; m') y (A; /i) iff (a'^; f,'^) > (A^; f,^) , 

where > is the usual partial order on the set of weights of gl. 

Fix V G Hn and define p as in (3.5). Let r G [l,p], s G [p + 1,-A/"]. Recall that 
by Lemma 3.3 we have: 

Mr > ^r, As < l^s- 

Applying Trl^ for s such that A^ < and any r sufficiently many times to (A; fi) 

(2) 

we shall get (A'; /i') such that X'^ = Vg for each s. Similarly, applying Trs for r such 
that > I'r, we shall get (A"; /j,") such that A'/ = i/^' and = z^" for each r and 
s. It is clear that q'^ > and q'J < and = for (A";//")- Applying T^^^ 

for non-zero g^- and Qs we get (A; /i) with the qi = 0. It is clear that (A; fi) G S^, 
and (A; /i) >- (A;/x). Thus, we obtain that A{v) y (A;/x). This together with (7.2) 
proves Lemma 7.2. □ 

Remark 7.1. It is easy to see that decomposition (7.1) coincides with the decom- 
position [FKRW, (6.3)]. 

The first consequence of Theorem 7.1 is one of the main results of [FKRW]: 

(7.3) F^''^ ~ L(0, N) as ^l-modules. 

As in Section 3, another corollary of Theorem 7.1 and Proposition 7.2 is a character 
formula: 

(7.4) tri(A,jv)diag(... ,y^\yi"^;xi,aj2,...) = ^ c\,^Sxr{y)Sf,T{x), 

xeH+ 

a special case of which is the following formula stated in [AFMO]: 

(7.5) tTL{o,N)d^&g{--- ,y2^,yi^;xi,X2,...) = ^ SxT{y)SxT{x). 

These formulas look quite different from [FKRW, (2.7)]. 
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Remark 7.2. The g-Z-modules that occur in (7.1) are precisely all the modules with 

central charge N and dominant integral highest weights A (i.e., G Z and A^ > Aj 
if ^ ^ j)- Hence we have a complete reducibility theorem analogous to Theorem 4.1. 

Remark 7.3. Consider the antilinear anti-involution of the algebra Cn defined by 

The unique Hermitean form on F defined as in Remark 4.1 is positive definite. The 
anti-involution f induces the usual compact anti-involutions {A *A) on glpf and 
gl, and the anti- involution a onV (see [KR]). 

The space F of the spin representations carries a canonical structure of a vertex 
superalgebra defined in the same way as in Section 5 for M. The Fg-twised F- 
modules Fg are defined in the same way too. The fields (z) defined in the same 
way as in Section 5, generate a vertex subalgebra of the vertex algebra F denoted 
by W"i+oo,Ar. Due to (7.3), we have: 

(7.6) W,+^,N = L^'''. 

Wc also have a formula similar to (5.5) except for the change of sign of the last 
summand. 

In the same way as in Section 6, we have an isomorphism of vertex algebras 
[FKRW]: 

(7.7) L{0,N;D)c:^Wi+^,N. 

In the same way as in Section 6, we prove the following theorem. (Remark 5.2 
of [FKRW] should be corrected accordingly.) 

Theorem 7.2. Viewed as a Wi^oo,N -'module, the F -module Fg decomposes in a di- 
rect sum (with multiplicities) of all primitive modules for which the set of exponents 
lies in s and multiplicities of all exponents are positive. 

Using Proposition 6.2 and Theorem 7.2, we see that all primitive modules whose 

exponents have positive multiplicities arc VFi+oo.Af-inodules. It is shown in [FKRW] 
that these are all irreducible l^i_|_oo,Ar-modules. In particular, due to Remark 7.2, 
any positive energy module of the vertex algebra Wi+oo,Ar is completely reducible. 
Of course a similar statement for Wi+oo,-Ar follows from Conjecture 6.1. 
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